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ON THE SMOOTHNESS OF C1-CONTACT MAPS IN
C∞-RIGID CARNOT GROUPS
JONA LELMI
Abstract. We show that in any C∞-rigid Carnot group in the
sense of Ottazzi - Warhurst, C1-contact maps are automatically
smooth.
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1. Introduction and statement of results
In [6] Ottazzi and Warhurst introduced a notion of rigidity of Carnot
groups. They say that a Carnot group G is Ck-rigid provided for any
connected open subset U ⊂ G the space Conk(U) of Ck-contact maps
defined on U is finite dimensional. They also show that C∞-rigid groups
are C2-rigid. It is then natural to raise the question of whether this is
true also in the C1-case or even for rigidity defined using weaker notions
of contact maps. This is also remarked in the recent work of Kleiner,
Mu¨ller and Xie [4]. The fact that C∞-rigid groups are C2-rigid relies
on the fact that the pushforward of a contact field by a C2 contact
map f is still a contact field. Using a local frame of contact fields
one can then pushforward by f this to a new frame in the image. In
C∞-rigid Carnot groups one can easily see, by smoothing, that contact
fields are smooth. One can then combine the observations made above
to construct local charts in which the map f becomes the identity,
thus a smooth map. For the case k = 1 there is a lack of regularity
to use the same argument: indeed the key technical point in the case
k ≥ 2 is the fact that if f : U → V is a C2-contact diffeomorphism,
1
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then [f∗Z,X ] = f∗[Z, f
−1
∗ X ] whenever Z is a contact field and X is
horizontal. This is used to show that the pushforward by a C2-contact
diffeomoprhism maps contact fields to contact fields. In this paper,
we extend the result to the C1-case. Namely, we prove the following
theorem.
Theorem 1.1. Let G be a C∞-rigid Carnot group, then every C1-
contact map is smooth.
The strategy for the proof is somehow similar to the one mentioned
above, the heart of the matter is a new definition of weak contact field
(see Definition 4.1): this is essentialy obtained by reading the contact
field equation in the weak sense. We will next show that in any Carnot
group G, the pushforward by a C1-contact map sends contact fields
to weak contact fields, this is the content of Theorem 5.1. Our defi-
nition of weak contact field is obtained making some observations on
the duality action of contact fields on differential forms. This gives a
definition of weak contact fields which involves a left invariant integral
equation, thus it allows for smoothing. In rigid groups this fact, to-
gether with a priori estimates coming from the finite dimensionality
of the space of contact fields, allows us to conclude that weak contact
fields are actually smooth contact fields, this is the content of Theorem
4.1. Combining these facts one can use the same argument as in the
case k ≥ 2 to show that C1-contact maps are smooth.
The strategy of the proof is flexible and it applies also to maps which
are contact in a weaker sense. Unfortunately, it seems that the strat-
egy does not apply without adding any assumption on the full gradient:
so one cannot treat the case of weak contact maps or quasiconformal
maps. Extensions and limits of the strategy will be addressed in the
Master thesis of the author [5].
After this work was completed the author learned that in a very re-
cent work A. Austin [1] has proved Theorem 1.1 for the special case
of (2, 3, 5) distributions. His proof already contains the idea of defin-
ing a certain notion of generalized contact fields that are shown to be
smooth in every C∞-rigid Carnot group. Nevertheless, we find that
our definition captures better the properties of such vector fields and
the coordinate free definition allows us to conclude smoothness of those
fields in a transparent way. To conclude the proof of Theorem 1.1 in the
special case of the (2, 3, 5) distributions the author of [1] clearly uses
the special algebraic structure of them, while here we prove the state-
ment for general C∞-rigid Carnot groups using mainly the properties
of the dual action of contact fields on differential forms.
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Structure of the paper. The paper is organized as follows: in Sec-
tion 2 we recall some basic results and definitions about Carnot groups,
this will be useful to set up the notation we use later on. In Section 4
we define the notion of weak contact field and motivate it by showing
that every contact field is a weak contact field. We then prove that
in C∞-rigid Carnot groups, weak contact fields are smooth. This will
require some properties of the smoothing operations applied to vector
fields and differential forms: these operations are introduced in Section
3, where we also collect some of their basic properties. In Section 5
we finally prove the main result of the paper: first we show that the
pushforward by a C1-contact map sends contact fields to weak contact
fields and then we deduce smoothness of those maps in the setting of
C∞-rigid groups.
Acknowledgements. I wish to thank Bruce Kleiner and Stefan Mu¨ller
for interesting discussions and for helpful suggestions that improved the
original exposition of the argument.
2. Preliminaries
Hereafter we introduce the basic objects of our invastigation, this will
serve also to set the notation we will be using later on. The notation
mostly follows the paper of Ottazzi and Warhurst [6].
Carnot groups. Hereafter G will always denote a Carnot group. A
Carnot group is a connected, simply connected Lie group whose Lie
algebra g is stratified in the following sense: there exist subspaces
g−1, ..., g−s such that
(1) g = g−1 ⊕ ...⊕ g−s.
(2) For any i = 1, ..., s we have [g−1, g−i] = g−i−1, where we set
g−s−1 = {0}.
We will denote with n := dim(g) the topological dimension of the
group, dl := dim(g−l) will denote the dimension of the layer l and
ν =
∑s
l=1 ldl will denote the homogeneous dimension. We will usually
denote by {X−l,v, l = 1, ..., s, v = 1, ..., dl} a basis of g adapted to
the stratification. If confusion does not arise, we will not distinguish
between an element of g and the left-invariant vector field associated to
it. We usually denote by {σ−l,v, l = 1, ..., s, v = 1, ..., dl} the basis of
one forms dual to {X−l,v}. As for vector fields, we do not distinguish
between elements of
∧•
g and the left-invariant forms generated by
them. We will denote by δt the usual dilations operators: given t > 0,
δt is the unique Lie algebra automorphism such that δt(X−l) = t
lX−l
for any X−l ∈ g−l and any l = 1, ..., s.
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Given any point x ∈ G we will denote by ℓx the left multiplication by x
and with rx the right multiplication by x. The horizontal bundle of the
group is the bundle whose fibers are obtained by left translating g−1.
The bundle map is given by the projection on the base point. We will
denote this bundle by H. After introducing an inner product on g−1
so that the basis {X−1,i, i = 1, ..., d1} becomes orthonormal, we can
define the Carnot-Carathodory distance in the usual way. We denote
this distance by dcc.
Given a Carnot group G and an open subset U ⊂ G, we will denote by
Γ(U) the space of measurable sections of TG defined on U and with
Ωk(U) (resp. Ω•(U)) the space of measurable sections of
∧k
G (resp.∧•
G) defined on U . Given k ≥ 1, X ∈ Γ(U) and ω ∈ Ωk(U) we define
iXω ∈ Ω
k−1(U) by
(2.1) (iXω)p(v1, ..., vk−1) = ωp(Xp, v1, ..., vk−1)
for any v1, ..., vk−1 ∈ TpG and a.e. p ∈ U .
Definition 2.1. Let U ⊂ G an open subset of a Carnot group. A
measurable 1-form η ∈ Ω1(U) is called vertical if
(2.2) ηx(Xx) = 0
for a.e. x ∈ U and every Xx ∈ Hx.
The primary objects of investigation are contact maps.
Definition 2.2. Let k ∈ N ∪ {∞}. Given U ⊂ G open, a Ck-local
diffeomorphism f : U → G is said to be a Ck contact map if the
differential preserves the horizontal bundle, i.e. dxf(Hx) ⊂ Hf(x) for
any x ∈ U .
Following Ottazzi and Warhurst we define rigid Carnot groups as
follows.
Definition 2.3. A Carnot group G is called Ck-rigid if given any con-
nected open subset U ⊂ G the space
(2.3) Conk(U) :=
{
f : U → G : f Ck-contact map
}
is finite dimensional.
On the infinitesimal level, we have the following definition.
Definition 2.4. Let Z be a locally defined C1-vector field, let φZt its
locally defined flow. Then Z is called a contact field if φZt is a C
2-
contact map for t small enough.
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Remark 2.1. Ottazzi and Warhurst proved in [6] that a Carnot group
is C2-rigid if and only if the space of germs of contact fields at a point
p is finite dimensional for every choice of p ∈ G.
Remark 2.2. Let us point out the following facts.
(1) It is not hard to check that a locally defined C1 vector field Z
is a contact field if and only if [Z,X−1] ∈ H for any X−1 ∈ H.
(2) We can always find a global frame of contact fields. Indeed
define XR−l,v(x) = derxX−l,v, then X
R
−l,v is a global frame of right
invariant vector fields. Since right invariant fields commute with
left invariant fields we have
(2.4) [XR−l,v, X−1,i] = 0 ∈ H.
Thus {XR−l,v} is a family of contact fields.
Weights. We next recall the definition of weights of covectors.
Definition 2.5. Let g be the Lie algebra of a Carnot group G. A
nonzero covector ω in
∧k
g is said to have weight w if, for every t > 0,
(δt)∗ω = t
wω. We write wt(ω) = w.
Remark 2.3. It is easy to see that ω in
∧1
g has weight w if and only if
(2.5) ω =
dw∑
α=1
cασw,α
for some constants cα ∈ R. Indeed, if v ∈ g−l one has
ω(
1
tl
v) = ω(δ 1
t
(v))
= (δt)∗ω(v)
= twω(v).
(2.6)
Letting v vary on g−l this forces ω(v) = 0 if −l 6= w. A similar
reasoning shows that ω ∈
∧k
g is of weight w if and only if
(2.7) ω =
∑
I
cIθI
where cI ∈ R and θI is a wedge product of covectors such that their
weights add up to w. In particular, if ω ∈
∧k
g is non zero we have
−ν ≤ wt(ω) ≤ −k.
For measurable forms, we give the following definition.
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Definition 2.6. Let U ⊂ G an open subset of a Carnot group. Let
ω ∈ Ω•(U) a measurable section of
∧•
G, if ω is not a.e. vanishing we
define
(2.8) wt(ω) := esssupx∈U wt(ω(x)).
Remark 2.4. It is clear that, with ω as above, ω(x) may be identified
with an element of
∧•
g, so the definition is well posed.
Structure constants and the contact field equation. . We next
set up the notation for the structure constants of the group. Let
g = g−1 ⊕ ... ⊕ g−s be the Lie algebra of a Carnot group G. Let,
as above, {X−l,v} be a basis adapted to the stratification. Then for
any l = 1, ..., s − 1, v = 1, ...dl and j = 1, ..., d1 there are constants
α
l,1,k
v,j (hereafter called structure constants) such that
(2.9) [X−l,v, X−1,j] =
dl+1∑
k=1
α
l,1,k
v,j X−l−1,k.
Let Z be a locally defined C1-vector field and define its coefficients z−l,v
by
(2.10) Z =
s∑
l=1
dl∑
v=1
z−l,vX−l,v.
Then z−l,v are C
1 and it is not hard to see that the contact condition
of Remark 2.2 for Z is equivalent to
(2.11)
X−1,j(z−l,k) =
dl−1∑
r=1
z−l+1,rα
l−1,1,k
r,j ∀1 ≤ j ≤ d1, 2 ≤ l ≤ s, 1 ≤ k ≤ dl.
We will refer to (2.11) as the contact field equation written in coordi-
nates.
3. Smoothing
In this section we collect some results about smoothing on Carnot
groups. First we recall the smoothing of functions defined on Carnot
groups by means of convolution with a mollifying kernel. This amounts
to perform an average over translations of the function. Motivated by
this, we can define smoothing operations on forms and vector fields
so that these behave well in connection to the classical operations of
Cartan calculus.
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3.1. Smoothing functions. We recall here the usual smoothing of
functions on Carnot groups. The material here is standard and can be
found in [2, 3]. Let G be a Carnot group, let ρ ∈ C∞c (G) such that
(3.1)
∫
G
ρdx = 1, 0 ≤ ρ ≤ 1, ρ(y) = ρ(y−1), supp(ρ) ⊂ Bcc(e, 1).
The existence of such a function is easily verified. Here Bcc(e, 1) is the
unit ball with respect to the Carnot-Carathodory distance centered at
the identity. Define, for ǫ > 0, the function
(3.2) ρǫ(x) = ǫ
−νρ
(
δ 1
ǫ
(x)
)
.
Let dx denote the biinvariant Haar measure of G. For a function f ∈
L1loc(G) we set
(3.3)
ρǫ∗f(x) :=
∫
G
ρǫ(xy
−1)f(y)dy =
∫
G
ρǫ(y
−1)f(yx)dx =
∫
G
ρǫ(y)f(y
−1x)dy
observe that for the second and third equality we used the bi-invariance
of measure and the invariance under inversion. If U ⊂ G is open, and
f ∈ L1loc(U), then we can define ρǫ ∗ f(x) = ρǫ ∗ f˜(x), where f˜ is the
extension by zero of f . Then the following properties hold.
Proposition 3.1. For f ∈ L1
loc
(U) we have
(1) ρǫ ∗ f ∈ C
∞(G).
(2) If 1 ≤ p <∞ and f ∈ Lp(U) then ρǫ ∗ f → f in L
p(U).
(3)
∫
G
(ρǫ ∗ f)gdx =
∫
G
(ρǫ ∗ g)fdx for g ∈ L
∞(G) with compact
support, or for g ∈ L∞(G) if in addition f ∈ L1(U).
(4) If f ∈ C0(U) then ρǫ ∗ f → f locally uniformly in U .
The proofs of the statements are completely analogous to the ones
on Rn, see [2].
3.2. Smoothing forms and vector fields. In this subsection U ⊂ G
will be open.
Definition 3.1. Let θ ∈ Ω•(U) be a form with L1loc(U) coefficients.
For ǫ > 0 and x ∈ U define
(3.4) θǫx :=
∫
G
(ℓ∗yθ)xρǫ(y
−1)dy
Definition 3.2. Let X ∈ Γ(U) be a vector field with L1loc(U) coeffi-
cients. For ǫ > 0 and x ∈ U define
(3.5) Xǫx :=
∫
G
((ℓy)∗X)xρǫ(y)dy
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Remark 3.1. It should be noticed that in the setting of Definition 3.1
we have (ℓ∗yθ)x ∈
∧•(TxG∗), thus the integral is well defined as an
element in this vector space. Similar reasoning applies to Definition
3.2.
Proposition 3.2 (Properties of smoothing). The following assertions
hold.
(1) If θ (respectively X) is as in Definition 3.1 (resp. Definition
3.2) then θǫ (resp. Xǫ) is smooth.
(2) If θ is a k-form with L1loc(U) coefficients and β is a compactly
supported n− k form with L∞(U) coefficients
(3.6)
∫
U
θǫ ∧ β =
∫
U
θ ∧ βǫ.
(3) If α is a left invariant (k + 1)-form, β ∈ Ωn−k(U) has compact
support and X is as in Definition 3.2
(3.7)
∫
U
iXǫ(α) ∧ β =
∫
U
iX(α) ∧ β
ǫ
for every ǫ > 0 small enough.
(4) If θ ∈ Ωk(U) with coefficients in L1loc(U) has a distributional
exterior differential dθ ∈ Ωk+1(U) with L1loc(U) coefficients, then
dθǫ = (dθ)ǫ.
(5) If θ ∈ Ω•(U) (resp. X ∈ Γ(U)) has coefficients in Lploc(U), then
θǫ → θ (resp. Xǫ → X) in Lploc(U).
(6) If θ ∈ Ω•(U) (resp. X ∈ Γ(U)) is continuous the convergence
in part (5) holds uniformly on compact subsets of U .
Proof. Parts (1), (5) and (6) follow easily by writing the smoothing
operation in coordinates. First observe that since the smoothing oper-
ation is linear in θ we may reduce to the case of forms with fixed degree
k, thus we assume θ ∈ Ωk(U). Write
(3.8) θ =
∑
I
θIσI
where σI are left invariant forms of degree k and θI ∈ L
1
loc(U). Then
θǫx =
∑
I
∫
G
θI(ℓy(x))σI,xρǫ(y
−1)dy
=
∑
I
ρǫ ∗ θI(x)σI,x
(3.9)
thus the claims follow by an application of Proposition 3.1. The argu-
ment for the smoothing of vector fields is analogous.
ON THE SMOOTHNESS OF C
1
-CONTACT MAPS IN C
∞
-RIGID CARNOT GROUPS9
For (3) we let X1, ..., Xn be a basis g. If σ1, ..., σn is the dual basis of
{Xi}, by the uniqueness of the Haar measure we can assume (up to a
constant)
n∧
i=1
σi = dx.
Thus
∫
U
iXǫ(α) ∧ β =
∫
U
(iXǫ(α) ∧ β) (X1, ..., Xn)dx
=
∑
γ∈Sn
sgn(γ)
∫
U
iXǫ(α)(Xγ(1),x, ..., Xγ(k),x)β(Xγ(k+1),x, ..., Xγ(n),x)dx
=
∑
γ∈Sn
sgn(γ)
∫
U
αx
(∫
G
((ℓy)∗X)xρǫ(y)dy,Xγ(1),x, ., Xγ(k),x
)
βx(Xγ(k+1),x, ., Xγ(n),x)dx
=
∑
γ∈Sn
sgn(γ)
∫
G
∫
U
αx((ℓy)∗X)x, Xγ(1),x, ..., Xγ(k),x)βx(Xγ(k+1),x, ..., Xγ(n),x)dxρǫ(y)dy.
(3.10)
Now we can perform the change of variables x → yx in the inner
integral, observe that by left invariance Xi,yx = (dℓy)xXi,x and (ℓ
∗
yα)x =
αx. Recall also that ρǫ(y) = ρǫ(y
−1). Putting things together we get
that the last line of (3.10) is equal to
∑
γ∈Sn
sgn(γ)
∫
G
∫
U
iX(α)x(Xγ(1),x, ..., Xγ(k),x)(ℓ
∗
yβ)x(Xγ(k+1),x, ..., Xγ(n),x)ρǫ(y)dxdy
=
∫
U
iX(α) ∧ β
ǫ.
(3.11)
The argument for part (2) is just an application of Fubini’s theorem
and the invariance of the Haar measure under inversion.
Finally part (4) follows by the fact that d commutes with ℓ∗y in the case
θ is smooth. For the general case pick any smooth compactly supported
(n−k−1)-form α, then using part (2) and the result for smooth forms
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we get ∫
U
θǫ ∧ dα =
∫
U
θ ∧ (dα)ǫ
=
∫
U
θ ∧ dαǫ
= (−1)k
∫
U
dθ ∧ αǫ
= (−1)k
∫
U
(dθ)ǫ ∧ α.
(3.12)

4. Weak contact fields
In this section we define the notion of weak contact fields and prove
that, on every rigid Carnot group, they are smooth.
4.1. Weak contact fields. Let Z be a C1-contact field on an open
set U . Let φt be the local flow of Z. The maps φt are contact maps.
Thus if η is a smooth vertical 1-form in the sense of Definition 2.1, the
Lie derivative
(4.1) LZη(x) = lim
t→0
(φ∗tη)x − ηx
t
is still a vertical 1-form. This amounts to saying that LZη(X) = 0 for
any horizontal vector field X . Using Cartan’s magic formula one can
rewrite this as
(4.2) (iZdη + diZη) (X) = 0.
Let now σ be the volume form on G. Then for degree reasons, using
also the Leibniz rule for the interior multiplication iX , we have
(iZdη + diZη) ∧ iXσ =− iX ((iZdη + diZη) ∧ σ)
+ iX (iZdη + diZη) ∧ σ = 0.
(4.3)
Now let β be a smooth codegree 1 form of weight −ν+1 with compact
support, in coordinates β may be written as
(4.4) β =
d1∑
i=1
βiσˆ−1,i, βi ∈ C
∞
c (U)
where we set
(4.5) σˆ−1,i :=
∧
(l,v)6=(1,i)
σ−l,v.
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Then iXσ = β if
(4.6) X =
d1∑
i=1
(−1)i−1βiX−1,i.
Inserting into this identity into (4.3) and integrating on U we get
(4.7) 0 =
∫
U
(iZdη + diZη) ∧ β =
∫
U
iZ(dη) ∧ β −
∫
U
iZη ∧ dβ.
It is then natural to give the following definition.
Definition 4.1. Let U ⊂ G be open. A vector field Z ∈ Γ(U) with
coefficients in L1loc(U) is called a weak contact field provided that
(4.8)
∫
U
iZ(dη) ∧ β −
∫
U
iZ(η) ∧ dβ = 0
for any smooth vertical 1-form η ∈ Ω1(U) and any smooth compactly
supported form β ∈ Ωn−1(U) of weight −ν + 1.
Remark 4.1. A few comments are in order.
(1) Observe now that in order to check that a locally integrable
vector field Z is a weak contact field it is sufficient to show
that (4.8) holds for every form β as above and every η which
is vertical and left invariant. To see this, observe that if η˜ is a
smooth vertical 1-form on U , then we can write η˜ as
(4.9) η˜ =
∑
I
fIηI
where fI ∈ C
∞(U) and ηI are left-invariant, vertical 1-forms.
By linearity we can thus verify the claim for η˜ = gη, where
g ∈ C∞(U) and η is a left-invariant, vertical 1-form. Observe
that dη˜ = dg∧η+gdη, thus iZdη˜ = iZdg∧η−dg∧ iZη+giZdη.
Using the result for the left-invariant form η and for β˜ = gβ,
and the fact that η ∧ β = 0 we get∫
U
iZdη˜ ∧ β =
=
∫
U
iZ(dg) ∧ η ∧ β −
∫
U
dg ∧ iZη ∧ β +
∫
U
iZη ∧ d(gβ)
= −
∫
U
dg ∧ iZη ∧ β +
∫
U
iZ η˜ ∧ dβ +
∫
U
dg ∧ iZη ∧ β
=
∫
U
iZ η˜ ∧ dβ.
(4.10)
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(2) One can check that Definition 4.1 is equivalent to requiring that
the contact field equation (2.11) holds in the weak sense for Z,
i.e. writing Z =
∑s
l=1
∑dl
v=1 z−l,vX−l,v we have
(4.11)
∫
U
z−l,kX−1,jφdx = −
dl−1∑
r=1
∫
U
z−l+1,rα
l−1,1,k
r,j φdx
for any φ ∈ C∞c (U), for every l ≥ 2, 1 ≤ k ≤ dl and any
1 ≤ j ≤ d1. Indeed, in (4.8) , one can choose η = σ−l,k and
β = φσˆ−1,j. In particular every C
1 contact field is a weak
contact field and, conversely, every weak contact field of class
C1 is a contact field.
4.2. Regularity of weak contact fields. Here we prove the following
regularity result.
Theorem 4.1. Let G be a C∞-rigid Carnot group. Let Z ∈ Γ(U) be a
weak contact field, then Z can be redefined on a set of measure zero so
that it becomes smooth. It follows that Z is a contact field in the sense
of Definition 2.4. If Z is already continuous, then Z is smooth.
Proof. Let Zǫ be the smoothed version of Z as introduced in Definition
3.2. We will show below that for any ǫ < ǫ˜, Zǫ is a weak contact field
on Uǫ˜ := {x ∈ U : dcc(x, U
c) > 2ǫ˜}. If we assume this to be true, the
smoothness of Zǫ together with Remark 4.1 imply that Zǫ are contact
fields on Uǫ˜. As pointed out in Remark 2.1 the space of contact fields
on Uǫ˜ is finite dimensional by the rigidity of the group, it follows that
any norm on this space is comparable. Since Zǫ → Z on L1(Uǫ˜) it
follows that Zǫ is a Cauchy sequence in Cj(Uǫ˜) for any j ∈ N. Since
a subsequence Zǫj converges to Z a.e. it follows that we can redefine
Z on a set of measure zero on Uǫ˜ in a way that it becomes smooth.
Applying this fact along a sequence ǫ˜k → 0 we get the result. Clearly
if Z is already continuous we do not need to redefine it, because two
continuous functions coinciding a.e. coincide everywhere.
To prove that Zǫ is a weak contact field on Uǫ˜ := {x ∈ U : dcc(x, U
c) >
2ǫ˜} pick η and β ∈ Ωn−1(Uǫ˜) as in Definition 4.1. Then observing
that dη is also left invariant, we can use Proposition 3.2 (3) and the
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definition of a weak contact field to get∫
Uǫ˜
iZǫ(dη) ∧ β =
∫
Uǫ˜
iZ(dη) ∧ β
ǫ
=
∫
Uǫ˜
iZη ∧ (dβ)
ǫ
=
∫
Uǫ˜
iZǫη ∧ dβ
(4.12)
which is exactly the definition of weak contact field. 
5. C1-rigidity
In this section we will prove the main result of the present pa-
per, namely, that in any C∞-rigid Carnot group C1-contact maps are
smooth. Firstly we will show that on any Carnot group, every C1-
contact diffeomorphism f : U → V between two open subsets maps,
via the push-forward, contact fields to weak contact fields. Then we will
use Theorem 4.1 to infer that on rigid Carnot groups f∗ maps contact
fields to contact fields, and from this we will easily get the smoothness
of f .
5.1. The push-forward by a C1-contact map in general Carnot
groups. We start by proving the following result.
Theorem 5.1. Let f : U → V be a C1-contact diffeomorphism between
two open subsets of a given Carnot group G. The push-forward by f
maps contact fields to weak contact fields.
To prove this theorem, we use the fact that for smooth contact fields
Z, the weak contact field equation (4.8) holds for a larger class of forms
η and β. This is the content of the following lemma.
Lemma 5.1. Let Z be a contact field on U . Then
(5.1)
∫
U
iZ(dη) ∧ β −
∫
U
iZ(η) ∧ dβ = 0
for any continuous η vertical 1-form and any continuous compactly
supported form β of codegree 1 and of weight −ν + 1, provided dη and
dβ exist as continuous forms in the sense of distributions.
Proof. First assume that β is smooth. Then if ηǫ is the smoothed
version of η
(5.2)
∫
U
iZ(dη
ǫ) ∧ β −
∫
U
iZ(η
ǫ) ∧ dβ = 0.
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By Proposition 3.2 (4) and (6) ηǫ → η and dηǫ = (dη)ǫ → dη uniformly
on compact subsets of U . One easily sees that this implies that iZη
ǫ →
iZη and iZdη
ǫ → iZdη uniformly on compact subsets of U . Since β has
compact support we can pass to the limit in (5.2) to obtain
(5.3)
∫
U
iZ(dη) ∧ β −
∫
U
iZ(η) ∧ dβ = 0.
Now drop the smoothness assumption on β. The smoothed version βǫ is
still compactly supported (and we can find a compact subset of K ⊂ U
such that spt(βǫ) ⊂ K for all ǫ small enough) thus (5.1) holds with βǫ.
Once again we may pass to the limit and this yields the claim. 
Proof of Theorem 5.1. Without loss of generality we may assume that
detDf > 0 on U . Let η˜ be any left-invariant vertical 1-form and β˜
any codegree 1, smooth, compactly supported form of weight −ν + 1
on V . Define forms η = f ∗η˜ and β = f ∗β˜. By the contact condition on
f the form η is still vertical. The contact condition also implies that
β is weight −ν + 1. Indeed, if β is any form of codegree 1, then β has
weight −ν+1 if and only if α∧β = 0 for every vertical 1-form α. Thus
if α is such a form we can evaluate
(5.4) α ∧ β = f ∗((f−1)∗α ∧ β˜) = 0
where in the last equality we used that β˜ is of codegree 1 of weight
−ν + 1 and we used the contact condition to infer that (f−1)∗α is still
vertical. Observe also that since f is C1 the pull-back commutes with
d in the sense of distributions, this amounts to say that dη = f ∗dη˜
and dβ = f ∗dβ˜. By the regularity assumption on f these forms are
continuous. We can thus insert them into (5.1) to get
(5.5)
∫
U
iZ(f
∗dη˜) ∧ f ∗β˜ −
∫
U
iZ(f
∗η˜) ∧ f ∗dβ˜ = 0.
It is easily checked that iZf
∗dη˜ = f ∗if∗Zdη˜, and iZf
∗η˜ = f ∗if∗Z η˜. Thus
(5.5) reads
0 =
∫
U
f ∗
(
if∗Zdη˜ ∧ β˜
)
−
∫
U
f ∗
(
if∗Z η˜ ∧ dβ˜
)
=
∫
V
if∗Zdη˜ ∧ β˜ −
∫
V
if∗Z η˜ ∧ dβ˜
(5.6)
where the last equality follows by the fact that f is a C1-diffeomorphism
with a positive Jacobian. Equation (5.6) is the definition of weak con-
tact field for f∗Z. 
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5.2. Smoothness of C1-contact maps.
Proof of Theorem 1.1. Let f : U → V a C1-contact map. Let p ∈
U , upon restricting both U and V we can assume that f is a C1-
diffeomorphism. Let X1, ..., Xn be contact fields defined near p such
that X1,p, ..., Xn,p are a basis for TpG (one may take, for example, a
basis of right invariant fields, see Remark 2.2). Define, for a given
smooth vector field Z near p, φtZ to be the locally defined flow of Z.
Since by Theorem 5.1 and Theorem 4.1 the fields f∗Xi are smooth
contact fields, we get that for ‖t‖ small
(5.7) ϕ : (t1, ..., tn)→ φ
t1
X1
◦ ... ◦ φtnXn(p)
is a chart near p and that
(5.8) ψ : (t1, ..., tn)→ φ
t1
f∗(X1)
◦ ... ◦ φtn
f∗(Xn)
(f(p))
is a chart near f(p). Since φtif∗Xi ◦ f = f ◦ φ
ti
Xi
, in those coordinates f
is the identity, thus f is smooth around p. 
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